Nonadiabatic Geometric Phase and Hannay Angle: A Squeezed State Approach 
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The geometric phases of the cyclic states of a generalized harmonic oscillator with nonadiabatic 
time-periodic parameters are discussed in the framework of squeezed state. A class of cyclic states 
are expressed as a superposition of an infinte number of squeezed states. Then, their geometric 
phases are obtained explicitly and found to be — (n + 1/2) times the classical nonadiabatic Hannay 
angle. It is shown that the analysis based on squeezed state approach provide a clear picture of the 
geometric meaning of the quantal phase. 
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Berry phase jl[] , which reveals the gauge structure asso- 
ciated with a phase shift in adiabatic processes in quan- 
tum mechanics, has attracted great theoretical interests 
and has been repeatedly corroborated by experiments 
(see e.g. 0). This quantum adiabatic phase has a clas- 
sical analog -Hannay angle ||. The relaxation of the 
adiabatic approximation is an important step Q,|5| . Aha- 
ranov and Anandan Q studied the phase associated with 
a cyclic evolution in quantum mechanics (which occurs 
when a state returns to its initial condition), and shown 
that the phase is a geometric property of the curve in 
the projective Hilbert space which is naturally associated 
with the motion. 

The significance of Aharanov and Anandan's general- 
ization are twofold. On the one hand, the cyclic evolution 
of a physical system is of most interest in physics both 
experimentally and theoretically. On the other hand, the 
universal existence of the cyclic evolution is guaranteed 
for any quantum system. This can be easily recognized 
by considering the eigenvectors of the unitary evolution 
operator for a quantum system. An explicit example is 
a time-periodic Hamiltonian system where the Floquet 
theorem applies. The eigenfunctions of the Floquet oper- 
ator, which are so-called the Bloch wave functions in the 
condensed matter physics, are obviously cyclic solutions 
and of great interest in physics. Unlike the adiabatic 
case, however, in the nonadiabatic case, calculating the 
eigenvectors and extracting the nonadiabatic geometric 
phase from the quasi-energy term for a time-dependent 
Hamiltonan is far from trival, except for such a special 
example as the spin particle in a magnetic field. Recent 
works of Ge and Child Q made a step further in this 
direction. They found a special cyclic state of Gaussian 
wave packet's form for a generalized harmonic oscillator. 
The nonadiabatic geometric phase is explicitly calculated 
and found to be one half of the classical nonadiabatic 
Hannay angle. 

In this letter, we would like to study the nonadiabatic 
geometric phase of the general cyclic evolutions of the 



generalized harmonic oscillator. To this end, an alterna- 
tive way - squeezed state approach will be used. In par- 
ticular, we shall construct a class of quantum states based 
on a superposition of an infinite number of squeezed 
states. We find that the condition for them to be cyclic 
evolutions is nothing but a quantization rule without 
Maslov-Morse correction. The nonadiabatic geometric 
phases are obtained explicitly, and found to be related 
to the classical Hannay angle by a factor n + 1/2. Fur- 
thermore, the quantum phase can be interpreted as a 
sum of the area difference on the expectation value plane 
through a cannonical transformation and the area on the 
quantum fluctuation plane swept out by a periodic orbit. 
This interpretation gives a unified picture of the geomet- 
ric meaning of the quantal phase for the adiabatic and 
nonadiabatic case. 

Squeezed state approach has been successfully applied 
in many branches of physics such as quantum optics, high 
energy physics and condensed matter physics. Recent 
years have witnessed a growing application of squeezed 
state to study the chaotic dynamical systems [Q-IC}. In 
this letter, we shall employ this approach to discuss ge- 
ometric phase and Hannay angle for a generalized har- 
monic oscillator. An apparent reason for this choice is 
that this system admits the squeezed state as an exact so- 
lution. The squeezed state approach p]-^3| starts from 
the time-dependent variational principle (TDVP) formu- 
lation, 



>' : < I dt($,t\ih^- H\$,t) =0. 
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Variation w.r.t ($,f| and |$,t) gives rise to the 
Schrodinger equation and its complex conjugate, respec- 
tively. The squeezed state is chosen as the trial wave 
function, which is defined by the ordinary harmonic oscil- 
lator displacement operator acting on a squeezed vacuum 
state |0): 
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a + and a are boson creation and annihilation opera- 
tor which satisfy the canonical commutation relation: 
[a,a+] = 1. 

From the TDVP, we can obtain the dynamical equa- 
tions for the expectation values (q,p) and the quan- 
tum fluctuations Ap 2 = ($>,t\(p - p) 2 \^,t) = 
4n 2 G),Ag 2 = (y,t\(q-q) 2 \^,t) = fiG, 
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where the dot denotes the time derivative. The effec- 
tive Hamiltonian H e ff is defined on the extended space 
(q,p, G,IT), taking the form H eff = t\H\^, t). 

The time-dependent variational principle leaves an am- 
biguity of a time-dependent phase A(i), which can be 
fixed with the aid of the Schrodinger equation, 

\(t)=(*,t\i^\*,t)-±(*,t\H\%t). (4) 

This phase is well defined for general nonadiabatic and 
noncyclic evolution of a squeezed state. It represents 
a phase change of the squeezed state during a time- 
evolution. Obviously, the phase consists of two parts. 
The meaning of the second part is obvious: a measure of 
the time of evolution. It is the dynamical phase and can 
be rewritten as, 
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The first part can be viewed as a difference of the to- 
tal phase and the dynamical phase. We call it geometric 
phase since it just is the Aharanov-Anandan's phase for 
the case of cyclic evolution. From the expression of the 
squeezed state, the geometric phase is equal to 



IIG dt 
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It is clear that the evolution of expectation values 
{q,p) as well as the evolution of the quantum fluctua- 
tions (G, II) contribute to the geometric phase. The con- 
tribution from the former one is explicitly h dependent, 
while the contribution from quantum fluctuation is h in- 
dependent. For the case of cyclic evolution of squeezed 
state the quantal phase is equal to a sum of the projec- 
tive areas on the coordinates plane (q,p) and fluctuation 
plane (G, Id) swept out by a periodic orbit of the effective 
Hamiltonian. 

The Hamiltonian of the generalized harmonic oscillator 
takes the form, 



H(q,p,t) = - (a(t)q 2 + b(t)p 2 + c(t)(qp + pq)) , (7) 

where real parameter a(t) , b(t) , c(t) are time-periodic 
functions with common period T. Our discussions are 
restricted to the elliptic case, namely, a(t)b(t) > c 2 (t). 

Applying the squeezed state to this system, from Eq. 
(0) one obtains an effective Hamiltonian in the extended 
phase space (q,p; G, n), 

H eff (q, p;G,U;t) = H cl (q,p,t) + hH fl (G,Il,t), (8) 

where 
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H c i = ^ (a(t)q 2 + b{t)p 2 + 2c{t)qp) , 
describes the motion of the expectation values; 



(9) 



Hfi = \ Ut)G + b(t)(± + 4H 2 G) + 4c(i)GH ) . ( 10) 



depicts the evolution of the quantum fluctuations. 

Starting from this effective Hamiltonian, it is easy to 
analyse the dynamical properties. The motions of both 
degree of freedom are decoupled. In the fluctuation plane 
(G, n) , whole motions are restricted on the invariant 
tori except for a unique T-periodic solution denoted by 
(Gp(t),H p (t)). The Hamiltonian H c i which describes the 
motion of the expectation values (g, p) is identical to the 
classical version of the system (Q). The (q = 0,p = 0) is 
obviously a fixed point. Other motions are quasi-periodic 
trajectories confined on the tori. Through a canonical 
transformation, q = q(I, (f),t),p = p(I, (f>, t), the Hamilto- 
nian H c i (q, p, t) can be transformed to a new Hamiltonian 
H(I,t) which does not contain angle variable <fi. Its so- 
lution is described by / = Jo! 4>{t) = 4>o + Jq dH j ) I I °' t ^ dt. 
For this canonical transformation is explicitly time de- 
pendent, the new Hamiltonian H differs from the old 
one H c i both in value and in functional form. Thus, we 
introduce a function A to measure the difference, 



A$, I, t) = H(T, t) - H cl ({<j>{4>, I, t), 7(0, 1, t), t) . (11) 



Therefore the classical non-adiabatic Hannay angle is 
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where the bracket denotes averaging around the invariant 
torus, (•••) = ^ f * ■ ■■dfo- 

Now we turn to the quantum system (^). Since it is 
a time-periodic Hamiltonian system, the Floquet theory 
applies. A unitary time evolution operator refering to one 
period T, the so-called Floquet operator U(T) is worthy 
of consideration. We can construct a state as a superpo- 
sition of infinite number of squeezed states 
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\Si)=c e* Io <i>°\I ,4> ;G ,Il )dfo, (13) 
Jq 

where |7o, 4>o', Go, IIo) represents a squeezed state cen- 
tered at q(Io, 4>a,t = O),p(/o, fio, t = 0) with fluctuations 
Go , IIo ; The Go and IIo are chosen on the unique peri- 
odic orbit (Go = G p (t = 0),n = TL p (t = 0)) ; c is a 
normalization constant. 

Consider the situation that L/(mT) (or U m (T)) acts 
on the state ISi), 



tT(mT)|S 1 )=c / e^ 7 ^ o e lA |/o,0o + m ;Go,n o )d0o, 
Jo 

(14) 

where <^ m = f™ T dH ^ t] dt, and A = A D (mT)+A G (mT). 
The dynamical part is Ad(toT) = — i J Q H e ffdt, 
and the geometric part Xa(mT) = i f™ T \{pq — qp)dt — 
/„ U p G p dt. They can be expressed as, 

X D (mT) = (X D (mT))^ o + {X D (mT)}(M, (15) 
X G (mT) = (X G (mT))^ o + {X G (mT)}^ ). (16) 



respectively. Where the symbols 



denotes the av- 



erage over the 4>q as in Eq.(^2[); {■ • -}(</>o) represent the 
terms relating to 4>o- Then, 

(A G (mT))^ = ^{J flfrq-qp)) dt}^ - m j> G p dU p 

(17) 

Making variables transformation O = (f>o 4- <j) m , we 
have 



e *{A D («T)}(«)+*{A O (mT)}(ft)|J 0j ^ ;G())I]i) ^ j (lg) 

where A^ = m(Ag + A^). The geometrical part and the 
dynamical part take the forms as follows, 
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The integral in Eq.(18) can be written as Jq 
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-j Q ■ ■ ■ . The last two terms will cancell each 



other if and only if e R 
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1, which gives rise to 



Iq = nh. 



(21) 



This is nothing but the quantization rule without Maslov- 
Morse correction. 

The motion of the expectation values (q,p) confined 
on the invariant torus Jo is quasi-periodic. The ergod- 
icity of the motion guarantees that temporal average is 
equivalent to the spatial average supposing that the time 
is long enough. Then, from the ergodicity principle, we 
can choose an integer r, which is large enough so that the 
phase change (see(|l5|) and (|l6|)) during the time interval 
rT does not relate to <j>Q. Then, we construct a state \S r ) 
like El, 



\S r ) = |5i> + • • ■ + e- iA ^(mT)|5!) + • • • 

+ e -^U((r-l)T)\Si). (22) 
and under the condition (|2l]) we can prove that E3 , 

U(T)\S r ) =e^ +x ")\S r ). (23) 

In fact, the above relation indicates that the state \S r ) 
is an eigenstate of the Floquet operator, n is the state 
number. A^ and Xq is the dynamical and geometric 
phase relating to the cyclic states , respectively. 

To see the meaning of the geometric phase Xq ex- 
pressed by Eq.(19), let us consider following differential 



2-form which is preserved under the canonical transfor- 
mation, i.e. dp Adq — dH A dt = d I A d(j> — dH A dt. We 
rewrite this into another form, 



dpAdq-dlAd(j)= -d{H - H cl ) A dt. 



(24) 



Let us first make an integration of the above equa- 
tion for one period (T) and then average over the vari- 
able 4>q . Keeping in mind that the area meaning of the 
differential 2-form, One will find immediately that the 
term bracketed in the expression of the geometric phase 
Eq.(|l9|) corresponds to the left hand side of the above 
equation, whereas the right hand side will equal to nh 
times the classical Hanny's angle (see Eq. (p"2])). The | 
relation between the last term in Eq.(|l9|) and the clas- 
sical angle is given by Ge and Child [61; and verified by 
our explicit perturbative results in follows. Then, we can 
reach a simple relation between the geometric phase and 
non-adiabatic Hannay angle, 
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Now we take a specific choice of the periodic pa- 
rameters as an example to demonstrate the above ap- 
proach and verify our findings. Set that a(t) = 1 + 
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e cos(cut) , b(t) = 1 — ecos(uit), c(t) — esin(wi). Our 
discussions are restricted to the elliptic case, namely, 
a(t)b(t) > c 2 (t), i.e. e < 1. The perturbation method 
will be employed in the following discussions. Our solu- 
tions of power series are accurate to second order. 

Now, we rewrite the classical Hamiltonian in terms 
of the action-angle variables, i.e. q = \/2Ism<j), p — 
y/2I cos 6, 



H cl = H (I) + eH 1 (I, 



(26) 



where Hq = I, Hi = —Icos(ojt + 2(j>). It is convenient 
to employ the Lie transformation Jig] method to make a 
canonical transformation, so that the new Hamiltonian 
H(I) contains the action variable only, 



5(1) = I 



(27) 



classical Hannay angle. This is just what obtained by Ge 
and Child §. 

In summary, the squeezed state approach is used to 
study the nonadiabatic geometric phase relating to the 
cyclic evolutions of a generalized harmonic oscillator. 
The quantum phases are obtained explicitly and found 
to be — (n + 1/2) times the Hannay angle. The quantum 
phase can be interpreted as a sum of the area difference 
on the expectation value plane through the cannonical 
transformation and the area on the quantum fluctuation 
plane swept out by a periodic orbit. The explanation 
given here provides a unified picture of the geometric 
meaning of the quantal phase for the adiabatic case as 
well as the nonadiabatic case. In the adiabatic limit, our 
n + 1/2 relation is identical to the elegant formula of 
Berry However, the semiclassical approximation has 
not been envoked. 



The generating functions are w\ = I sm(cut + 20) /{u + 
2) and W2 = 0, respectively. The relation between 
the old variables and the new variables is given by 
(4>,I) = 7" _1 (0, /), where the transformation operator 
T- 1 = 1 + eCi + e 2 (£ 2 /2 + C\/2).C n is Lie operator de- 
fined by £„ = [w n , ].[ , ] represents a Poission Bracket. 
With the help of Eqs. ((l|) and (|2|j2^) we arrive at the 
expression of the classical angle analytically, 



e H = 



(w + 2f 



(28) 



Obviously, this classical non-adiabatic Hannay's an- 
gle is independent of the action. T-periodic solution 
(Gp(t),H p (t)) of the Hamiltonian Hfi, can be derived 
by using the power-series expansion, 



G p (t) 
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(29) 



Notice the fact that an arbitrary uj can be approached 
by a series of rational number like q/p, we can repeat 
the above process by constructing a state as in Eq.(22), 
where the r = q [Q. Finally, we obtain the analytic 
expression of the geometric phase, 



Ag ~ { J + 2 } J^TW' 



(30) 



Considering the quantization rule (Jo = nh) and the 
explicit expression of Hannay's angle (]2|), the above 
equation coincise with the relation (p5|). 

An interesting example is given by the case n = 0, i.e. 
the ground state of the Floquet states. It corresponds to 
a cyclic squeezed state with period T, whose expectation 
values keep fixed at the zero point, while its fluctuations 
change periodically (see Eq.(|29])). The geometric phase 
of this cyclic state resulting only from the periodic evo- 
lution of the fluctuations' part, is equal to one half of the 
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